INTRODUCTION
The main objective of this study is to investigate analytically the fluid flow and heat transfer from a cylindrical pin fin under isothermal and isoflux boundary conditions. In practice, a pin fin is rarely used as a single entity, but is instead, used in twodimensional arrays. These arrays are found in many applications, such as cross flow heat exchangers, heat sinks, and electric heating elements in boilers. Cylindrical pin-fin heat sinks are used to cool electronic equipment, where heat loads are substantial and space is limited. In these heat sinks, where the arrays of pins are attached to a common base, the fluid flow over the arrays determines the manner in which the average heat transfer coefficienth varies with location in the arrays.
It has been observed experimentally by Zukauskas 1 that the flow characteristics and, consequently, the convective heat transfer for the first row of pins essentially resembles that of a single circular cylinder in cross flow. However, due to mutual interaction between the pins as well as the base plate, fluid flow and heat transfer characteristics are different in subsequent rows. If these interactions are neglected, then a single average heat transfer coefficient as well as drag coefficient can be assigned to each single pin which will be pertinent to an isolated cylinder. In this study a circular cylinder is considered in cross flow with air to investigate the fluid flow and heat transfer from a cylindrical pin fin for a wide range of parameters.
LITERATURE REVIEW
A review of existing literature reveals that most of the studies related to a single isolated cylinder are experimental or numerical. No analytical study exists to investigate the fluid flow and heat transfer together from a single isolated cylinder, that can be used for a wide range of Reynolds number as well as Prandtl number. Flow past a cylinder has been investigated experimentally/numerically by numerous authors. It is obvious from the literature survey that all experimental/analytical correlations are applicable over a fixed range of conditions. Furthermore, no analytical study gives a closed form solution for the fluid flow and heat transfer from a circular cylinder for a wide range of Reynolds and Prandtl numbers.
At most, they provide a solution at the front stagnation point or a solution of boundary layer equations for very low Reynolds numbers. In this study, a closed form solution is obtained for the drag coefficients and Nusselt number, which can be used for a wide range of parameters. For this purpose, the and applied this method to the general problem of a two-dimensional boundary layer with pressure gradient. He obtained general solutions for the velocity profiles and the thermal boundary layers and compared them with the exact solution of a flat plate at zero incidence.
ANALYSIS
Consider a uniform flow of a Newtonian fluid past a fixed circular cylinder of diameter D, with vanishing circulation around it, as shown in Figure 1 . The approaching velocity of the air is U ∞ and the ambient temperature of the air is assumed to be T ∞ . The surface temperature of the wall is T w (< T ∞ ) in the case of the isothermal cylinder and the heat flux is q for the isoflux boundary condition. The flow is assumed to be laminar, steady, and two dimensional. Using order-of-magnitude analysis, the reduced equations of continuity, momentum and energy in the plane polar coordinates for an incompressible fluid can be written as: Continuity:
r -Momentum:
Energy:
Fig. 1 Flow over a circular cylinder
These equations can be rewritten by adopting a curvilinear system of coordinates in which x denotes distance along the curved surface of the circular cylinder measured from the forward stagnation point A and y is the distance normal to and measured from the surface as shown in Fig. 1 . In this system of coordinates, the velocity components u θ and u r are replaced by u and v in the local x− and y− directions whereas rdθ and dr are replaced by dx and dy respectively. The potential flow velocity just outside the boundary layer is denoted by U (x). Therefore, the governing equations in this curvilinear system will be:
y-Momentum: dp dy = 0
Bernoulli Equation:
Hydrodynamic Boundary Conditions At the cylinder surface, i.e., at y = 0:
At the edge of the boundary layer, i.e., at y = δ(x):
Thermal Boundary Conditions
The boundary conditions for the uniform wall temperature (UWT) and uniform wall flux (UWF) are:
Velocity Distribution Assuming a thin boundary layer around the cylinder, the velocity distribution in the boundary layer can be approximated by a fourth order polynomial as suggested by Pohlhausen 28 :
where 0 ≤ η = y/δ(x) ≤ 1 and λ is the pressure gradient parameter, given by:
With the help of velocity profiles, Schlichting
5
showed that the parameter λ is restricted to the range −12 ≤ λ ≤ 12.
Temperature Distribution
Assuming a thin thermal boundary layer around the cylinder, the temperature distribution in the thermal boundary layer can be approximated by a third order polynomial:
where η T = y/δ T (x). Using the above mentioned thermal boundary conditions, the temperature distribution will be:
for the isothermal boundary condition and:
for the isoflux boundary condition.
Boundary-Layer Parameters
In dimensionless form, the momentum integral equation can be written as:
where
and
Using velocity distribution from Eq. (15), Eqs. (21) and (22) can be written as:
Assuming Z = δ 2 2 ν and K = Z dU dx Equation (20) can be reduced to a non-linear differential equation of the first order for Z, which is given by:
where 
with 
Solving Eq. (25) with Eq. (26), the local dimensionless momentum thickness can be written as:
This equation was solved numerically by using MAPLE 7, a symbolic mathematics software. From Eq. (16), the local dimensionless boundary layer thickness can be written as:
By solving Eqs. (24) and (31) (Fig.1) . So the whole range of interest 0 ≤ θ ≤ θ s can be divided into two regions and the λ values can be fitted separately by the least squares method into two polynomials, i.e., for region I:
and for region II:
where a j and b j are the coefficients given in Table  2 . These polynomials will be used to determine the drag and the local heat transfer coefficients in both regions. 
Fluid Flow
The first parameter of interest is fluid friction which manifests itself in the form of the drag force F D , where F D is the sum of the skin friction drag D f and pressure drag D p . Skin friction drag is due to viscous shear forces produced at the cylinder surface predominantly in those regions where the boundary layer is attached. The component of shear force in the flow direction is given by
where τ w is the shear stress along the cylinder wall and it can be determined from Newton's law of viscosity:
In dimensionless form, it can be written as:
The friction drag coefficient can be defined as: (37) Since no shear stress acts on the cylinder surface after boundary layer separation, therefore, the second integral will be zero and the friction drag coefficient can be written as:
Pressure drag is due to the unbalanced pressures which exist between the relatively high pressures on the upstream surfaces and the lower pressures on the downstream surfaces. The component of pressure force in the flow direction is given by
where C p is the pressure coefficient and can be defined as:
The pressure difference ∆p can be obtained by integrating Eq. (2) w.r.t. θ. In dimensionless form, it can be written as:
So, the pressure drag coefficient for the cylinder up to the separation point will be:
The total drag coefficient C D can be written as the sum of both drag coefficients:
Heat Transfer
The second parameter of interest in this study is the dimensionless average heat transfer coefficient, N u D for large Prandtl numbers. This parameter is determined by integrating Eq. (8) from the cylinder surface to the thermal boundary layer edge. Assuming the presence of a thin thermal boundary layer δ T along the cylinder surface, the energy integral equation for the isothermal boundary condition can be written as:
Using velocity and temperature profiles, and assuming ζ = δ T /δ < 1, Eq. (45) can be simplified to:
This equation can be rewritten separately for the above mentioned two regions, i.e.:
for the region I, and:
for the region II. Multiplying both equations by U (x)ζ and integrating separately in the two regions with respect to x, one can solve these two equations for the local thermal boundary layer thicknesses:
where δ T1 and δ T2 are the thicknesses of the thermal boundary layers in the two respective regions and the functions f 1 (θ) and f 3 (θ) are given by:
For the isothermal boundary condition, the local heat transfer coefficient can be defined as follows:
So, the local heat transfer coefficients for both the regions can be written as:
The average heat transfer coefficient can be defined as:h
It has been observed experimentally by many researchers that, at low Reynolds numbers (up to Re D = 5000, according toŽukauskas anď Ziugžda 10 ), there is no appreciable increase in the local heat transfer after separation point. However, at high Reynolds numbers, the local heat transfer increases from the separation point to the rear stagnation point but the effects of this increase on the average heat transfer are observed to be smaller and they could be reduced further if the free stream turbulence and the blockage effects were included in the analysis. Hence, the average heat transfer coefficient can be written as:
Using Eqs. (49) - (55), Eq. (57) can be solved for the average heat transfer coefficient which gives the average Nusselt number for an isothermal cylinder:
For the isoflux boundary condition, the energy integral equation can be written as:
For constant heat flux and thermophysical properties, Eq. (59) can be simplified to:
Rewritting Eq. (60) for the two regions in the same way as Eq. (46), one can obtain local thermal boundary layer thicknesses δ T1 and δ T2 under isoflux boundary condition. The local surface temperatures for the two regions can then be obtained from Eq.
:
The local heat transfer coefficient can now be obtained from its definition as:
Following the same procedure for the average heat transfer coefficient as mentioned above, one can obtain the average Nusselt number for an isoflux cylinder as:
This Nusselt number is 6% greater than the average Nusselt number for an isothermal cylinder. Combining the results for both thermal boundary conditions, we have 
RESULTS AND DISCUSSION

Flow Characteristics
The dimensionless local shear stress, C f √ Re D , is plotted in Fig. 2 . It shows that C f is zero at the stagnation point and reaches a maximum at θ ≈ 60 0 .
The increase in shear stress is caused by the deformation of the velocity profiles in the boundary layer, a higher velocity gradient at the wall and a thicker boundary layer. In the region of decreasing C f preceeding the separation point, the pressure gradient decreases further and finally C f falls to zero at θ = 107. No physical explanation could be found in the literature for this deviation.
Heat Transfer Characteristics
The comparison of local Nusselt Numbers for the isothermal and isoflux boundary conditions is presented in Fig. 5 with turbulence intensity and that this effect is more intense when the Reynolds number is higher. In the present analysis these effects are not included, so the discrepancy can be observed clearly in Fig. 6 for higher Reynolds numbers. 
Re
SUMMARY
The Von Karman-Pohlhausen method was used to investigate the fluid flow and heat transfer from a circular cylinder. Three correlations are obtained, Eq. (44) for total drag coefficient, Eq. (58) for heat transfer from an isothermal cylinder, and Eq. (64) for heat transfer from a cylinder under isoflux boundary condition.
The present results indicate good agreement with the experimental results for the full laminar range of Reynolds numbers in the absence of free stream turbulence and blockage effects. However, a downward deviation was noticed in the experimental drag curve at Re D = 2000 and the effects of free stream turbulence were noticed in heat transfer results for high Reynolds numbers. These correlations can be used to determine the drag coefficient and the dimensionless heat transfer coefficient from a pin fin.
